The return mapping procedure that has been used quite successfully in computational plasticity is studied to gain insights for its numerical implementation to calculate the friction force during contact analysis. A simple quasi-static truss-wall frictional contact analysis problem is used in the study. The problem has closed-form solutions which provide exact target solutions for a numerical algorithm. The penalty method and a true augmented Lagrangian method that automatically determines an accurate value of the penalty parameter are employed in the numerical study. It is determined that the return mapping procedure is not applicable unless the contacting node is constrained to stay at the initial contact point, and the total normal reaction force, the tangential reaction force and the friction limit have been determined. If these requirements are not met, inaccurate or even incorrect solutions are obtained. This characteristic of the procedure is studied by solving slip and stick cases with several different load increments.
INTRODUCTION
Variational equality (VE) formulation based on the virtual work principle has been extensively used to solve large-scale engineering contact analysis problems due to its suitability for finite element analysis framework (Zhong, 1993) . In the VE formulation contact forces and displacements are treated as primary unknowns and load increments along with iterations within the load step are used to advance the solution from the nth load step to the (n+1)th step. The VE formulation frequently utilizes the penalty method (Hallquist et al, 1985) or the augmented Lagrangian method (Simo and Laursen, 1992) to handle unilateral contact constraints. A detail review of these methods has been provided in Mijar and Arora (2000a,b) .
In the VE formulation, Coulomb's friction conditions have been traditionally treated using the return mapping procedure that has been used successfully in computational plasticity. Giannakopoulos (1989) proposed use of this procedure for quasi-static contact problems by invoking an analogy between the elastoplastic constitutive relations and the rate insensitive Coulomb's friction law. The procedure has been used in several works to update the tangential contact force due to friction during the iterative solution process (Simo and Laursen, 1992; Wriggers et al, 1990; Agelet de Saracibar, 1998) . It has also been implemented in commercial finite element programs, such as ANSYS and others, to handle Coulomb's friction. It has been recently shown that with the use of the return mapping procedure, the VE frictional contact solution is not guaranteed to be accurate even when the Newton equilibrium iterations converge satisfactorily (Mijar and Arora, 2004b) . The solution is shown to depend on the user-defined load increment and the penalty values. Solution dependence on the penalty values has been studied extensively in the literature. However, there is a need to study why some frictional contact analysis algorithms and implementations yield inaccurate solutions for larger load increments and more accurate solutions for smaller load increments even for quasi-static problems.
The focus of the present paper is to study the return mapping procedure in the context of quasi-static frictional contact analysis problems and to gain insights for its numerical implementation. This will also pinpoint the reason behind dependence of the solution on the number of load steps. The following factors are taken into account to facilitate a precise analysis of the procedure:
1. Dependence of the solution on geometric and material nonlinearities is not considered; linear elastic structural behavior is assumed.
2. Continuum formulations for large-scale contact problems have been extensively studied in literature; therefore such formulations are not discussed here. A simple discretized quasi-static frictional contact problem that provides a litmus test for the numerical solutions is used. This example problem has analytical solutions, thus eliminating uncertainty about the target solution for any numerical algorithm.
3. Contact algorithm's dependence on the penalty values is eliminated by using a true augmented Lagrangian method (ALM) that automatically determines an accurate value of the penalty parameter. With this approach, dependence of the accuracy of the normal displacement on the user-defined penalty value is eliminated. This way, numerical discrepancies in the tangential displacement, and hence the friction force calculation using the return mapping procedure, are isolated. The differences between the ALM used in the literature for contact analysis and the one used here are explained later.
In Section 2, the truss-wall frictional contact problem that can be solved in a closed-form is described. In Section 3, the algorithms used in the numerical study are outlined. It is shown that the solution of the frictional contact problem depends on the load increment. Section 4 contains a study of the return mapping procedure. The analogy between the elastic-perfectlyplastic material model and the Coulomb's friction law is explained. Slip/stick friction cases are analyzed to study the behavior of the numerical implementation of the return mapping procedure. Figure 1 shows the two bar truss-wall frictional contact problem used in the present investigation. This simple one-node contact problem is selected intentionally because it has closed-form analytical solutions for different friction conditions. It is important to use such examples in evaluation of algorithms because precise errors in the numerical solution can be evaluated. In addition, if an algorithm cannot solve simple problems precisely, it cannot be expected to solve more complex problems for which the solutions are not known. The example problem has been described in prior publications (Mijar and Arora, 2000b) ; however, for clarity of discussions, we summarize it here.
TRUSS-WALL FRICTIONAL CONTACT PROBLEM
The equilibrium equation for the structure in the n -t coordinate system (normal and tangential coordinates embedded in the wall) is given as
where k is the ( 2 2 × ) stiffness matrix,
are the displacement and applied force vectors at the contacting node 2 (note that an over-bar indicates quantities in the n -t coordinate system). The initial normal gap between node 2 and the wall is given as 
where n u is the normal displacement of node 2. The contacting bodies should satisfy unilateral contact law that comprises impenetrability, compression, and complementary conditions,
where the nonpenetration constraint
is obtained from Eq. (3) and is expressed in the standard "≤" form. The impenetrability condition requires that the contactor and the target cannot penetrate each other. The compression condition shows that the contactor (truss) and the target (wall) cannot pull each other (i.e., the normal compressive force n R is positive). Finally, the complementary condition indicates that the contactor is either separated
. These conditions are shown in the n n g -R plane in Figure 2 (a).
Once the contactor comes in contact with the target edge, it exerts a contact force
on the target. The friction force magnitude f f at the point of contact depends on the normal contact force magnitude n R . In this discussion, Coulomb's rate insensitive dry friction law in its modified form is used. Recall that friction force of the classical Coulomb's law has a multivalued relation with the tangential slip t u for the stick phase as seen in Figure 2 (b).
This means that for 0 u t = , there corresponds more than one value of the friction force (i.e., Coulomb's law to be modified to an elastic friction law for computational convenience, as shown in Figure 2 (c) (Giannakopoulos, 1989) . Here, depending on the friction force f f at the initial point of contact, node 2 will either stick to the wall or slip along the wall. Using Figure 2 (c), the stick and slip conditions are stated as follows:
where s K (the sticking stiffness) is the slope of the line that corresponds to an elastic slip e. A procedure to integrate the first order differential equation to determine the friction force calculation is explained later.
For the truss-wall frictional contact problem, the contacting node 2 under the applied load and boundary conditions can come in contact with the wall and slip or stick on it due to the presence of friction. It is required to find the displacement vector u , the normal contact force n R and the tangential friction force f f at the final equilibrium state of the truss such that the unilateral contact law and modified Coulomb's friction law are satisfied.
FRICTIONAL CONTACT ALGORITHMS FOR TRUSS-WALL PROBLEM

Incremental Formulation
Here we consider the discretized form of the incremental equilibrium equations resulting from the frictional contact variational equality formulation:
where
is the nodal force vector corresponding to the element stresses,
is the structural stiffness matrix that corresponds to the geometrical and material conditions when considered, and
is the contact stiffness matrix.
Newton-Raphson equation (7) is the unbalanced force vector that needs to be driven to zero iteratively. Solving Eq. (7) for incremental displacements ) i ( u ∆ , the displacements at the ith iteration are given as
The contact force vector at the ith iteration is
. Using the penalty method (PM) or the augmented Lagrangian method (ALM) (Mijar and Arora, 2004a) , normal contact force at node 2 is calculated as
where P n K is the penalty parameter for the PM, and (i) n K and (i) θ are the current values of the penalty parameter and the multiplier for the ALM associated with the non-penetration contact constraint at the ith point given as
When the contact constraint is active, exact normal contact force
Lagrange multiplier associated) is calculated from Eq. (9) using the finite value of (i) n K with the ALM. On the other hand, P n K has to go to infinity to get the exact normal contact force with the PM. The friction force ) i ( f f is computed using the return mapping procedure as explained below.
A detailed derivation and analysis of the procedure are presented later.
During the load step t t ∆ + , the tangential displacement increment 
using the return mapping procedure of computational plasticity. With this procedure, an elastic predictor step is taken to find a trial friction force
∆f is the force increment that has a negative sign to make the force oppose the relative motion. Using this trial value of the friction force, the yield function is calculated as
The friction force is then calculated by executing the plastic corrector step:
Once the friction force has been estimated, the contact stiffness matrix 
Note that c k is unsymmetric for the slip case.
Contact Algorithms
Here, the penalty method and the augmented Lagrangian method based algorithms implementing the contact formulation of previous section are outlined.
Penalty Method based Algorithm (PM)
The PM algorithm given below is quite well known and widely used in the literature. It is also similar to the one implemented in ANSYS program. Here, user-defined penalty parameter is used to handle the non-penetration constraint in Eq. (9) while the return-mapping procedure is used to determine the friction force. The algorithm is outlined as follows:
(1) Begin the load incrementation loop. Decide the number of load steps τ and update the external load for the step t t ∆ + as
where f t is the load at step t and f ∆ is the load increment.
(2) Solve the Newton-Raphson equation (7) Step 2). This amounts to essentially solving the frictionless contact problem during no-contact to contact step.
n > for steps after no-contact to contact step, then use the return mapping procedure to determine friction status and friction force ) i ( f f using Eqs. (11) -(14). Compute the contact stiffness matrix and the contact force vector using Eq. (17) or Eq. (18), and continue with the iteration loop (i.e., go to Step 2).
Augmented Lagrangian Method based Algorithm (ALM1)
The ALM1 algorithm is based on the well known augmented Lagrangian method in the optimization literature (Powell, 1969) . This method has been evaluated extensively and proven to be reliable for optimization of structural systems (Arora et al, 1991) . The method was developed to overcome drawback of the penalty method where user needed to specify penalty values. The ALM1 algorithm automatically adjusts the penalty parameter and has been proven to be convergent for its finite values while yielding very accurate normal displacement n u . Thus with the ALM1 algorithm, the behavior and performance of the return mapping procedure for friction force calculation can be isolated and studied.
It is important to note that the ALM1 algorithm used here is different from the ALM algorithms used in the literature for frictional contact analysis. There, a penalty term is added to the Lagrangian function and the penalty parameter is kept fixed during the entire solution process (Simo and Laursen, 1992; ANSYS) . We designate these algorithms as P+LMM (Penalty + Lagrange Multiplier Method). Although P+LMM is an improvement over the traditional penalty method, it does have a drawback that the trial-and-error procedure is still needed to predict a reasonable penalty value. For smaller penalty values P+LMM algorithm is shown to require unacceptable number of iterations for convergence (e.g., more than 1000 iterations for 4 P n 10 K = for the problem under consideration; Mijar and Arora, 2004b) .
The ALM1 algorithm is summarized as follows:
(1) Begin the load incrementation loop (same as Step 1 for PM algorithm). (15) - (18) and continue with the iteration loop (i.e., go to
Step 3). Note that the approach of solving frictionless contact problem during no-contact to contact load step (as described in the PM algorithm) is not used here. On the other hand, return mapping procedure starts as soon as contact is detected.
(7) Determine the normal contact constraint violation K at current augmentation step as
To enforce convergence, K of Eq. (20) is required to reduce in the augmentation loop.
Check the convergence criterion 0 K ≈ . If it is satisfied, break the augmentation loop and go to next load step (i.e., Step 1). Otherwise, continue. θ using a multiplier update method (Arora et al, 1991) , and go to the next augmentation step (Step 2).
Numerical Evaluation -Solution Dependence on Load Increment
The objective here is to evaluate the accuracy of the elastostatic frictional contact solution with respect to the number of load steps when the return mapping procedure is used to calculate the friction force. This will motivate an investigation of the return mapping procedure for friction treatment. The algorithms given in previous section are implemented in MATLAB to solve the truss-wall frictional contact problem. The formulation and the analytical solutions for the problem have been presented in Mijar and Arora (2000b) . The data for the problem are: Therefore, the tangential displacement with 1 = τ in Table 1 is the same as the frictionless contact solution and hence quite inaccurate for the case of frictional slip. With 2 = τ , the error in the PM solution dropped considerably. Note that the PM and P+LMM in ANSYS were also used to obtain solutions which were same as the PM solutions reported in Table 1 (except that P+LMM did not converge for τ = 1). (i.e., the load increment becomes smaller). For larger load increments, the stick solutions are observed to have significant errors. It is noted that PM stick solution with 1 = τ in Table 2 is exactly the same as 1 = τ slip solution in Table 1 , both being the frictionless contact solutions.
PM and P+LMM in ANSYS were also used to obtain solutions which were same as the PM solutions reported in Table 2 (except that P+LMM did not converge for τ = 1).
Note that the Newton-Raphson iterative process converged satisfactorily for all the foregoing cases. However, as seen from results, the converged contact solution is erroneous depending on the number of load steps; e.g., for 5 = τ , converged stick solution error is 15% for ALM1 and 749% for PM. A comparison of the PM and ALM1 solutions shows that the PM implementation must also use the return mapping procedure to calculate the friction force during the no-contact to contact load step. This will improve accuracy of the PM solutions.
The foregoing results clearly show that the frictional contact solution depends on the number of load steps for this quasi-static friction problem. This naturally leads to the question:
why is the final solution dependent so severely on the number of load steps for this simple one node frictional contact problem? Considering the fact that normal displacement is accurate for all the above load cases, implementation of the frictional force calculation needs to be investigated to determine the reason behind inaccurate tangential displacement.
STUDY OF RETURN MAPPING PROCEDURE
The return mapping procedure has been used very successfully in computational plasticity. Here the procedure is analyzed to gain insight for its implementation to calculate the friction force. To accomplish this, the one-dimensional elastic-perfectly-plastic material model is recalled first. Then the analogy between this model and the modified Coulomb's friction law is given. The return mapping procedure for friction force calculation is then explained and analyzed. The procedure is investigated numerically for slip and stick cases using the ALM1 algorithm since its implementation gives more accurate solutions.
Analogy between Elastic-Perfectly-Plastic Material Model and Modified Coulomb's Friction Law
Consider the material model in Figure 3 where σ is the axial stress and ε is the axial strain idealizing the stress-strain curve for a one-dimensional load test. The plastic flow occurs
, where Y is the yield stress. Note that E is the elastic modulus for the material.
We recall the rate equations from classical plasticity theory (Shames and Cozzarelli, 1992) :
The decomposition of strain rate ε & into elastic part Note that the elastic-perfectly-plastic material model shown in Figure 3 is equivalent to the Coulomb's modified friction law shown in Figure 2 (c). Therefore, Eqs. (21) to (26) are applicable to the modified friction law with the tangential displacement t u , the friction force f f and the sticking stiffness s K replacing respectively the strain ε , the stress σ and the elastic modulus E. Classically, this analogy can be further explained with a simple dry-friction model shown in Figure 4 (Simo and Hughes, 1998) . Here the block of weight W is resting on a rough surface with coefficient of friction µ . A spring of stiffness s K is attached to the mass that is subjected to force F. The normal reaction force is given by n R . Elongation of the spring represents the elastic part of t u while displacement of the mass represents the plastic part of t u .
Note that the friction force f f does not exceed the friction limit n R µ . Observe also that the block is already in contact with the surface and the normal contact force and friction limit at the point of contact are known. Therefore, theoretically this should be the precise starting point for the return mapping procedure to work satisfactorily for the frictional contact problem. We will further investigate this point below which will eventually explain the difficulty in calculating the friction force using the current implementations of the return mapping procedure.
Return Mapping Procedure
Recall that PM and ALM1 algorithms incorporate the Coulomb's modified friction law by using the return mapping procedure [refer to Eqs. (11) - (14)]. The procedure uses the fact that modified friction law shown in Figure 2 (c) is analogous to the elastic-perfectly-plastic material model shown in Figure 3 . Backward Euler integration procedure is employed for the treatment of rate constitutive equations [similar to Eqs. (21) - (24)] given below: (Simo and Hughes, 1998) :
Using Eq. (28), an elastic predictor step is taken to find a trial friction force as
where f f ∆ is the force increment that has a negative sign to make the force oppose the relative motion.
(2) Yield Condition Check
Using the trial value of friction force, the yield function in Eq. (29) is calculated and the yield condition is checked as follows:
, we need to find the friction force
, where γ ∆ is the slip increment. Using Eqs. (28) and (32), the final friction force is given as
where the increment in the plastic displacement
is obtained from the flow rule in Eq. (30). The proportionality parameter 0 > γ ∆ is determined from the discrete consistency condition:
Substituting Eq. (34) into Eq. (35) and using Eq. (33), we obtain
Substituting Eq. (36) in Eq. (34) and using Eq. (33), the friction force is given as . Therefore, the return mapping procedure projects the point * C onto the point C on the yield surface (i.e., the friction limit line).
For the point C, friction force is equal to the friction limit, i.e.,
can be found from Eqs. (34) and (36). The next iteration starts from point C and the process is repeated from there.
The foregoing procedure would work well if ) i ( n R µ was the true friction limit (which is then analogous to the yield stress Y for the elastic-perfectly-plastic material) at the current load level. In the load incrementation procedure,
is only an estimate of the actual friction limit and two scenarios can exist:
(1) Scenario 1. When point * C is not acceptable numerically and the true friction force limit is going to be exceeded at the final load level (i.e., the node slips at the final load level), the return mapping procedure would work well as evident from the slip solutions in Table 1 with ALM1. The intermediate points may be incorrect but the final solution would be correct, satisfying the equilibrium equation.
(2) Scenario 2. When point * C is not acceptable numerically and friction force limit is not going to be exceeded at the final load level (i.e., the node is going to stick at its initial contact point), the return mapping procedure will run into numerical difficulty as evident from the stick solutions in Table 2 with ALM1). In that case, projecting point * C to point C (i.e., predicting slip instead of stick) would be incorrect since it will introduce plastic slip that is not recoverable. This will lead to an incorrect solution for the case when there is no slip at the final load level.
These two points explain the difficulty with the current implementations of the return mapping procedure as applied to the frictional contact analysis problems. These conclusions are explained and confirmed with more numerical experiments.
Numerical Study
We use the ALM1 algorithm for slip and stick friction cases to study further the current implementations of the return mapping procedure. ALM1 predicts the normal displacement ( n u )
accurately, and any inaccuracies in the tangential displacement ( t u ) would only be due to the numerical implementation of the return mapping procedure for the friction force calculation. Figure 6 shows the plot of normal displacement n u versus tangential displacement t u for the forward slip case using 3 , 1 = τ (the figure is not to the scale for clarity of representation; A is the initial position of node 2). For 1 = τ , the ALM1 slip solution follows the path E C A → → .
Analysis of Slip Friction Case
The corresponding displacements are reported in Table 3 . The final solution is observed to be exact. Table 4 shows the iteration history of the trial friction force
and the friction force ) i ( f f using the return mapping procedure. Note that slip condition is predicted by the return mapping procedure (
for each iteration) which happens to be correct. The friction force is given by
and node 2 moves along the tangential direction on the wall (since there is no constraint on tangential motion of the node). In this case, there is no need to capture precisely the initial contact point D on the wall after initial penetration occurs. The residual force [i.e., right hand side of Newton -Raphson equation (7)] is driven to zero in order to obtain final slip solution. Path of node 2 for 3 = τ
) is also traced in Figure 6 . Solution converged in nine Newton-Raphson iterations and is exact. Here again the initial contact point D is not captured accurately. This is not necessary because the node is going to slip anyway. Note that the paths to the final correct solution are different for 1 = τ and 3 = τ , bringing out the path-dependent (nonconservative) nature of the frictional contact problem.
Thus, the return mapping procedure works well when the contacting node undergoes 
Friction Condition
Slip Slip frictional slip (as per Scenario 1 in Section 4.2). The ALM1 solution is observed to be independent of the number of load steps, although the solution path depends on them.
Analysis of Stick Friction Case
The numerical study in Section 3.3 showed that the solution was incorrect for the stick case; however, it improved when the number of load steps was increased.
Here we study what is happening during the no-contact to contact load step to determine why the stick solution is heavily dependent on the number of load steps even for this simple one node contact problem. Table 5 gives the initial contact point of node 2 on the wall for different load steps:
; also, the exact analytical initial contact point is given. By the initial contact during this step is traced in Figure 7 (not to scale). It is seen (and observed in Table 5 ) that the smaller the load increment, more accurate is the initial contact point, leading to more accurate final stick solution as reported in Table 2 . Therefore, it is clear that the error in the tangential displacement t u originates in the no-contact to contact load step (Scenario 2 in Section 4.2). 
slip condition is predicted by the return mapping procedure (i.e.,
). In reality, the stick condition should have been predicted. For
Iteration 3 (i.e., at the convergence of load step), since
). Prediction of slip instead of stick during first two iterations of nocontact to contact load step introduces a plastic slip that is not recoverable. A smaller load increment gives a smaller plastic slip thus giving improved final solutions. Nevertheless, the final solution is incorrect.
Insights for Implementation of Return Mapping Procedure for Frictional Contact Problems
Previous subsection has clearly shown that the current implementation of the return mapping procedure can predict incorrect friction status and give inaccurate solution for the sticking nodes. The error in the solution increased with larger no-contact to contact load step. Here, we pinpoint the reason behind this behavior and suggest an alternative implementation.
*Error in tangential displacement
It is observed that in the elastic-perfectly-plastic material model in Figure 3 , the yield stress Y is known. Analogously, in the dry friction model in Figure 4 the friction limit n R µ is known. This is because the block shown in Figure 4 is in contact with the surface and the normal contact force n R is already known. For the truss-wall frictional contact problem, the normal contact force and the corresponding friction limit at the initial contact point are not known in advance. Therefore, for the no-contact to contact load step, the analogy between the return mapping procedure of computational plasticity and the friction force calculation is inapplicable.
It is applicable only when the node is precisely at the initial contact point and the final normal reaction force n R , the friction limit n R µ and the tangential reaction force t r f are known. This situation would then be analogous to the scenario portrayed for the dry friction model in Figure   4 , rendering application of the return mapping procedure to be valid.
To test validity of the foregoing assertion numerically for the present example, the load increment is applied such that the first step brings the node to the exact (analytical) initial contact point and the second step contains the remaining load. It is now observed that stick solution is exact even with the PM using the return mapping procedure, as seen in Table 7 (note the elastic slip during the second load step). Thus, to overcome the above-mentioned difficulty in Phase 2. Check the stick/slip conditions and solve the friction problem to obtain the final contact force and displacement An augmented Lagrangian method incorporating the above-mentioned idea has been developed for multi-node frictional contact problems (Mijar and Arora, 2004a,b) . The method, called the ALM2 algorithm, gives exact stick/slip solutions that are independent of the number of load steps for some example problems.
CONCLUDING REMARKS
The penalty method (PM) and the augmented Lagrangian method (ALM1) were implemented to solve the quasi-static truss-wall frictional contact analysis problem. The return mapping procedure was used to treat Coulomb's friction law. Numerical solutions with both the algorithms were shown to be dependent on the number of load steps and were inaccurate compared to the analytical solutions, especially for the frictional stick case. The error in the tangential displacement was shown to originate in the no-contact to contact load step. The error became smaller with a smaller load increment. A study of the return mapping procedure, which has been used very successfully in computational plasticity, was performed by invoking analogy between the one-dimensional elastic-perfectly-plastic material model and the modified Coulomb's friction law. The analysis showed that the foregoing analogy is applicable only when the initial point of contact between the bodies is captured precisely. Extensive numerical experiments confirmed this observation. Thus it is concluded that the return mapping procedure should be implemented carefully, and it should be used to calculate the friction force only when the initial contact point has been captured precisely, and the total reaction forces have been determined there.
